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Abstract

Boostingalgorithmslike AdaBoostand Arc-GV
are iterative strategies to minimize a constrained
objectivefunction,equivalenttoBarrieralgorithms.
Basedon this new understandingit is shown that
convergenceof Boosting-typealgorithmsbecomes
simpler to prove andwe outline directionsto de-
velop further Boostingschemes. In particulara
new Boostingtechniquefor regression– � -Boost
– is proposed.

1 Intr oduction
Thepastyearshave seenstronginterestdedicatedto Boost-
ing andensemblelearningalgorithmsdueto their successin
practicalclassificationapplications(e.g. [13, 26, 28, 43, 2,
11]). Recentresearchin this field now focuseson thebetter
understandingof thesemethodsandon extensionsthat are
concernedwith robustnessissues[31, 3, 37, 36, 38] or gen-
eralizationsof Boostingalgorithmsto regression[19, 14, 5].

Thepresentwork aimsto contributein two respects:(a)
we will show an important relation of Boosting to a gen-
eralclassof optimizationmethods,theso-calledbarrierop-
timization – a techniqueto minimize constrainedobjective
functions[20]. We clarify that Boostingcan be seenas a
specialcaseof barrieroptimization,i.e. asan iterative ap-
proximationmethodto abarrieralgorithmthatalsorelatesto
theGauss-Southwellmethod[27] of nonlinearoptimization.
Furthermore,thisunderstandingallowsusto outlinepossible
pathsgoing beyond existing Boostingschemes.For exam-
ple, convergencetheoremsfrom the optimizationliterature
canbeapplied,simplifying convergenceproofsfor Boosting
type algorithms. We choosea particularly interestingpath,
giving rise to our secondcontribution: (b) the definition of
anew Boostingalgorithmfor regressionandits convergence
proof. Experimentson toy examplesfollow, that show the
proofof conceptfor our regressionalgorithm.Finally abrief
conclusionis given.

2 Boostingand ConvexProgramming
In this sectionwe will introducesometerminologyandno-
tation conventions. We will mainly considerconvex opti-
mization problemsfor finding hypothesiscoefficients that

areusedfor somelinear combinationof hypothesesfrom a
givenfinite hypothesisset. Contrarily, in Section4 we will
consideriterativealgorithmslike AdaBoostandArc-GV.

2.1 Mar gin, Edgeand Linear Programming

We begin by focusingon the following problem. We are
givena setof � examples	�

���������������������! "�#�"$&%')( �+*��,$ anda (finite) setof hypotheses-.
/�10324�5�6�7 �985$ of theform

';:=<?> ���A@��CB .
Our goal is to find a “good” convex combinationof the

hypotheses,i.e. D+E �����F�G
 HI2KJMLON 2P0Q2R�����F�S� (1)

where T lies in the 8 -dimensionalprobability simplex U H .
That is, N 2&V#W and X H2KJML N 2 
Y� . If

D E
is usedasa classi-

fier thentheclassificationof instance� is ZK[?\R]�� D+E ���^��� .1
Let us now definea measureof goodnessfor a single

example. The margin of an example �_���`�K���3� with respect
to a givenweightvector T is definedas � � D E ��� � � . A pos-
itive margin correspondsto a correctclassificationand the
morepositive themargin thegreatertheconfidence[39, 40,
49] that the classificationis correct. The margin hasbeen
frequentlyusedin the context of SupportVectorMachines
(SVMs) [49, 47] andBoosting(e.g.[39, 40, 36]). However,
for thedefinitionof themargin oneneedsto have a normal-
izationbysomenormof T , asotherwiseonecouldarbitrarily
increasethemarginby scalingtheweightvectorT . Dif ferent
normsareusedfor SVMsandBoosting.In SVMsthemargin
is normalizedby the aCb -normof theweightvectorin feature
space.In Boostingthe aPL -normof theweightvectoris used
(cf. Footnote1). Note that for the purposeof classification
thenormalizationof thefunction

D+E
is immaterial.

For conveniencewe introducethe matrix c=d
e5fhg H ,
where c �P2 

� � 0 2 ��� � � . The  -th example �_� � �K� � � corre-
spondsto the  -th row andthe

7
-th hypothesisto the

7
-th col-

umnof c . Welet ci� denotethe  -th row of c . With thisno-
tationthemargin of the  -th exampleis � � D E �_� � ��
jc � T .
Themargin of a function

D+E
is definedastheminimummar-

1Note,thatwecoulduseanarbitrary kmlon , e.g. pqkrpCsutvxw and
thenwewouldneedto normalizethefunction yCz . Here,weusethe{ s normfor thenormalization.



gin overall � examples,i.e.| �}T~�G
 f� [�]��JML ci�QT�� (2)

A reasonablechoice[29, 21, 1, 49] for a convex combi-
nationis to maximizetheminimummargin of theexamples,
i.e.

chooseT � d�U H suchthat | ��T � ��
 ���+�E��,��� | ��T��S� (3)

Roughlyspeaking,thelargerthemarginthebetterthebounds
thatcanbeprovenfor thegeneralizationerror(e.g.[49, 1]).
Also SVMs are basedon maximizing a minimum margin.
They usethe aCb -normto definethemargin andthemaximum
margin hyperplanemaximizesthe minimum geometricdis-
tanceof the patternsto the hyperplane.In our casewe use
the aPL -normto definethemargin. Now themaximummargin
hyperplanemaximizestheminimum a�� distanceof thepat-
ternsto the hyperplane[30]. We assumefor convenience
throughoutthe paperthat the hypothesesclassis comple-
mentationclosed( 0�d�- implies

> 0�d�- ) in orderto avoid
problems2 for thecasethat | ��T � ��� W .

Boostingalgorithmsmaintaina distribution �9d�U^f on
the examples.Whatwould be a goodchoicefor this distri-
bution for a givensetof examplesandhypotheses?Assume
for amomentthatthelabelsof thehypothesisarebinary, i.e.0 2 �_� � �hd!�+*���$ . Thenfor a distribution � , the dot productc~�2 ��
�X f��JML`� �Q����032R�_���F� is the expectationthat 032 pre-
dicts the �,*��,$ labelcorrectly.3 We call this theedge [8] of
thehypothesis0 2 . Notethata randomhypothesishasanex-
pectededgeof zeroandsince 032R�_�����hd <�> �R�A@���B , theedge
of 0Q2 lies in

<�> �R�A@���B . We definetheedgeof a weightvector� asthemaximumedgeover thesetof hypotheses,i.e.� ���5�G
 H���,�2KJML c �2 ��� (4)

Since - is complementationclosed,theabove is equivalent
to ���,� H2KJML�� c �2 � � . In thecaseof Boosting,wewantto find a
distributionon theexamplessuchthatthemaximumedgeof
thehypothesesis minimized[8] (asolutionalwaysexists):

choose� � d�U f suchthat � ��� � �G
 � [�]� �,��  � ���5�S� (5)

The minimax theoremof linear programming(LP) can
beusedto make the following connection[8, 21, 17, 3] be-
tweentheabovetwo optimizationproblems.

Theorem1. � [�]� �,�   � ���5�G
 ���,�E��,� � | �}Tr��� (6)

The theoremis provenby consideringboth sidesof (6)
aslinear programmingproblems(Here ¡ and ¢ arevectors
or all zerosandones,respectively, wherethe dimensionis
understoodfrom thecontext):���,�£�¤ E | � [�]¥ ¤ � �

s.t. T V ¡^�KT���¢�
j� � V ¡��q��¢�
��c~T V | ¢ c � ��� � ¢
Margin-LPProblem Edge-LPProblem

(7)

2Alternatively, one can usetwo non-negative weightsper hy-
pothesis¦+§ , onefor ¦+§ andonefor ¨�¦+§ .

3Herecorrectmeans© w andincorrect ¨ w . If correctis encoded
as © w andincorrectas0, thenit wouldbecome sª3«}¬�­§�® © wS¯ .

Bothproblemsaredualto eachotherandthustheequalityof
thetheoremfollowsfrom thefactthattheprimalandthedual
objectivehave thesamevalue.Sinceour hypothesisclassis
complementationclosed,this valueis alwaysnon-negative.
TheMargin-LPProblemwasintroducedin [29] andwasfirst
usedfor Boostingin [8, 21].

2.2 Boostingand RelativeEntr opy Minimization

Wewill now usetheEdge-LPproblemto makeaconnection
to a classof Boostingalgorithmsthatusea relative entropy
in theobjectivefunction[22, 25, 9]. In theTotally Corrective
Algorithmof [22] andin a relatedalgorithmby [9] theedge
was forced to be zero for all hypotheses.This essentially
correspondsto theEdge-LPProblemwith � fixedat W . Fur-
thermorea relative entropy to the uniform distribution was
usedastheobjective function:� [?]� fX�,J�L � ��° ];±A²LK³ f

s.t. � V ¡^�K�5��¢�
´�c~�G�o
µ¡
Totally CorrectiveAlgorithm

(8)

Note, the well-known AdaBoostalgorithm[16, 40] canbe
motivatedas minimizing a relative entropy subjectto the
constraintthat the edgeof only the last hypothesisis zero
[16, 22, 25, 9].

However, how shouldonechoose� whenthereis nodis-
tribution � for which the edgesof all hypothesesarezero?
Theorem1 implies that if themargin | �}T � ��¶ W , thensuch
distribution � doesnotexist. In thiscasetheminimaledgeis
positive. This questioncanbeansweredby addinga relative
entropy to theobjective functionof theEdge-LPProblem:� [?]¥ ¤ � � @¸· fX�,JML � � ° ] ± ²LK³ f

s.t. � V ¡^�K�5��¢�
´�c~�G�¸� � ¢O� (9)

Notethatwe introduceda constantparameter· , which con-
trols thetrade-off betweenkeepingtheedge� versustherel-
ativeentropy of � minimal. For · : W werecovertheEdge-
LP Problem.Also notethatif � 
 W is enforcedin theabove
problemthenwe arrive at the optimizationproblemof the
Totally Corrective Algorithm. We believe that above prob-
lem with the trade-off parameter· is the naturalchoicefor
thecasewhen | ��T � �¹¶ W .

Beforewecontinuewechangeto amoreconvenientvari-
antof theaboveproblem(9). Usingthenew problem(called
theEdge-EntropyProblem) will simplify thenotationin the
sequelof the paper. Note that constraintsof bothproblems
arethesame,but theobjective functionof thenew problem
differs by ·^�5��¢�� ° ]u�º@Y�P� . Sincewe have the constraint���»¢¼
½� , it is a constantandboth optimizationproblems
areequivalent:� [�]¥ ¤ � � @¾· fX�,JML � � ° ] � � > � �

s.t. � V ¡^�K�5��¢�
��c~�i�¸� � ¢��
Edge-Entropy Problem

(10)



Thedualof theaboveis���+�£q¿�¤ E |RÀ > · fX��JMLQÁ �QÂ6Ã £q¿�Ä`Å ² EÀ Æ
s.t. T V ¡^�KT���¢�
j�

Margin-ExpProblem

(11)

In Section4.2wewill presenthow this problemis relatedto
theArc-GV algorithm[8]. Let | À ��T�� bethesolutionof (11)
for afixed T . We have:|�À �}T~�G
 > · °�Ç \ÉÈ fI�,JML Á �3Â�Ê > cG��T·ÌË�Í � (12)

Analyzingthebehavior of | À �}Tr� for · : W yields:° [ �ÀQÎ�Ï | À ��T~�G
 | ��T��S� (13)

wherethe convergencein termsof · is linear in the worst
case. We canget rid of the variable |�À in the Margin-Exp
Problemby plugging in the optimal |RÀ ��T�� given in (12).
This resultsin anequivalentoptimizationproblemwith one
lessvariableto optimize:� [�]E ·!Ð °�Ç \ fX�,JML Á �3Â4Ã > Å ² EÀ Æ @#��Ñ

s.t. T V ¡^�KTr��¢�
j� (14)

Notethatexceptfor theconstraintT���¢�
j� (andsomecon-
stants)theaboveproblemis dualto theoptimizationproblem
(8) of theTotally CorrectiveAlgorithm. Also AdaBoostcan
be motivatedasoptimizing a °�Ç \ of a sumof exponentials,
wherethe constraint Tr�»¢9
Ò� is absent.4 Note also that
the solution T �À of the Margin-ExpProblemconverges(for· : W ) to aglobalsolution T � of theMargin-LPProblem.5

Whentheexamplesarenoisythenthesolutionfoundby
(3) and(11) for · : W tendsto over-fit thedata,asall pat-
ternsareclassifiedwith somenon-negativemargin [21, 36].
In Section4.5 we will considera regularizationapproach,
wheretheentropy is usedasregularizationby keeping·!¶W . Then,theparameter· specifiesthetrade-off betweenmin-
imizing theedgeandkeepingtherelativeentropy small.

Note that the constraintsc�T V | ¢ of the Margin-LP
problemareabsentfrom theMargin-Expproblem.However,° [ �À�Î~Ï > · Á �3ÂÔÓ · Ä L � | > ci�3T���Õr
 >×Ö if f cG�QTj� |
andthustheadditionalterm(which involvesa sumof expo-
nentials)in the objective function of the Margin-ExpProb-
lem enforcesthe constraintscG� N V | for small enough· .
This techniquefor solvingaconstraintoptimizationproblem
is known astheexponentialbarrier method(e.g.[10]). Also
theconstraints� V ¡ canberemovedwhengoingfrom the
Edge-LPProblemto the Edge-Entropy problem. Here, the

4However, the scaling can easily be done by setting Ø vw�Ù «ÛÚ�­ k¹Ü ¯ , where k�Ü is now theunnormalizedversionof k . This
will beworkedout in detail in Section4.2.

5For thecasethatthesolutionof theMargin-LP Problemis not
unique,(14) preferssolutionswhich have a small relative entropy
in thedualdomain.

entropy term works asa barrierfor the non-negativity con-
straints. This barrierfunction is calledthe entropic barrier
[6].

Beforewe show somemoreconnectionsto Boostingin
Section4, wewill introducethenumericalmethodof barrier
optimizationin thenext section.

3 Barrier optimization

3.1 Problemdefinition

Let us shortly review somebasicstatementsand formula-
tionsaboutbarrieroptimizationtechniques.For details,the
readeris referredto e.g. [20, 6, 27]. Considerthe convex
optimizationproblem� [?] Ý`�}Þ��

with ß � �àÞO� V¼W �âá� �
��G�C���K� (15)

We call ã theconvex setof feasiblesolutionsdescribedbyã�
´�+Þ;�rß � �}Þ�� VmW �âá� �
��R�C���C�`�K�¸$R� (16)

We assumeã is non-empty, i.e. thereexistsa feasiblesolu-
tion. If thefunction Ý��àÞ�� is strictly convex, thenthesolution
of problem(15) is unique.If Ý`�}Þ�� is convex only, thereexists
asetof globalsolutionsä � . Notethatfrom theconvexity ofÝ��àÞ�� and ã follows thatany localminimumis aglobalmini-
mumaswell.

3.2 Barrier functions

Problem(15)canbesolvedby findingasequenceof (uncon-
straint)minimizersof thesocalledbarrier(or penalty)error
function å À �àÞ`�G
xÝ`�}Þ��^@ fI�,JMLFæ À �}ß����}Þ��K�S� (17)

where, æ À is a barrier function and ·
¶ W is a penaltypa-
rameter. Commonchoicesfor æ À canbe found in Table1.
Barrieralgorithmsuseasuitablychosensequenceof · ’s that
goesto zero. For each· , usingthe Þ found in theprevious
iterationasa startingvalue,(17) is minimized.

For theLog-BarrierandtheEntropicBarriertheinitial Þ
hasto be a feasiblesolutions. The barrier function assures
that thesequenceof Þ ’s correspondingto thedecreasingse-
quenceof · valuesremainfeasible.Thusthefinal Þ � is ap-
proachedfrom the“interior” of thefeasibleregion. Methods
basedon theLog-BarrierandtheEntropicBarrierarethere-
fore calledinterior point methods.Suchmethodsareoften
usedfor finding solutionsfor SVMs [7].

Table1: Commonbarrierfunctionsusedin convex optimizationæ À �_ç�� Name> · °?Ç \�ç Log-Barrier[6, 20, 27]> ·�ç °�Ç \Gç EntropicBarrier[6, 27]· Á �3Â � > çKè+·M� Exp-Barrier[10, 24, 12, 33]

In the caseof the Exp-Barrier, the initial solutiondoesnot
have to befeasible[10]. For theExp-Barriertheminimizers



of

å À �}Þ�� will becomefeasibleautomatically, when · be-
comesé smallenough.If a constraintis violatedthenthis will
leadto an exponentialgrowth in the barrierobjective (17).
So the barrierhasthe effect that it keeps Þ in the feasible
region or pulls it closerto a feasiblesolution.Note thatEn-
tropicBarrieris thedualof theExp-Barrier(cf. Section2.2).

TheExp-Barriercanalsobeusedto solve thefeasibility
problemfor convex programming:ê ]�ë Þ

with ß��^�}Þ�� V¼W á� �
��G�C����� (18)

In fact,wewill seein Section4.3thatAdaBoostexploitsthat
property. Solving thefeasibility problemwith interior point
methodsis moreinvolved [48]. In the restof the paperwe
concentrateontheExp-Barrieronly andfocusonits connec-
tion to Boostingmethods.Mostof thework in Section5 can
beextendedto otherbarrierfunctions.

3.3 Convergence

Besidesan intuitive reasoningfor the barrier function con-
vergingto anoptimalsolutionof (15) thefollowing presents
somemoreformalaspects.Let usdefineÞ À �ì
 ��í \ � [�]î å À �}Þ`� (19)

astheoptimal solutionfor somefixed · . Moreover, let ä �
be the setof global solutionsof (15). Thenfor any barrier
functionandany sequence·Fï : W holds:° [ �ï Î � Þ À1ð dÉä � (20)

However, for the Exp-Barrier6 it it turns out to be unnec-
essaryto exactly minimize

å À ð for each ·Fï . The following
propositionshowshow closeanestimateÞ ï to Þ À ð hasto be,
in orderto obtainthedesiredconvergence:

Proposition2 (along the linesof [10]). AssumeÝ and ß��
are differentiableandconvex functions.Let Þ ï bean ñ ï�V#W
minimizerofå À ð �àÞ`�G
xÝ`�}Þ��^@¾·Fï fI�,JML Á �3Â � > ß��`�}Þ��Kè+·Fïò�S� (21)

i.e. ó�ô î å À ð �àÞ ï ��ó4�õñCï . Then,for ñ�ïA�K·Fï ï Î �>O: W every limit
pointof �+Þ ï $Pï �+ö is a global solutionto (15).

In thesequelwe will oftenusea simplerversionof Proposi-
tion2,whereweuseñ�ï5
!·Fï andrequire óCô î å À ð �}Þ ï �Có×�m·Fï .
4 BoostingasBarrier Algorithms

In Section2 we have consideredconvex optimizationprob-
lemsfor finding thehypothesiscoefficients T for a givenfi-
nitehypothesisset - . Now, we would like to consideritera-
tivealgorithmsthathaveto solvetwo problems:In eachiter-
ationonehasto selecta hypothesisfrom - andthenoneas-
signsaweightto theselectedhypothesis.Wewill show how
AdaBoost[16] and Arc-GV [8] can be understoodas par-
ticular implementationsof a barrieroptimizationapproach,
asymptoticallysolvingconvex optimizationproblemsof the

6For otherbarrierfunctionsthereexist similar results.

type statedin Section2. It is shown, that Boostingis basi-
cally a Gauss-Southwellmethodminimizing a barrierfunc-
tion.

Throughoutthe paper, we will think of dealingin each
iteration ç of Boostingwith a full hypothesisweight vectorT ï of size 8 . However, usually we will changeonly one
entry

7
at a time. We denoteby ÷ ï the index of thehypoth-

esisthathasbeenchosenin the ç -th iterationandby N�ø ð the
hypothesiscoefficient that hasbeenupdated. Thus, ÷ is a
mappingfrom thehypothesesthathavebeenchosensofarto- , i.e. ÷���ù : - .

4.1 The underlying Optimization Problem

Let
D+E

beaconvex combination(cf. Section2)of hypotheses0�d4- asdefinedin Section2D,E ���^���ì
 HI2KJML N 2ó�T�ó L 0Q2��_�^��� (22)

wherewe enforcethehypothesiscoefficientsto sumto one
by dividing by óCT�óPL . For simplicity, we will considerthe
unnormalizedversionof T throughoutthe restof the paper
andnormalize,if it is needed.

Supposeonewould like to solve theMargin-LPProblem
(7), wherewecanomit the T���¢�
�� constraintdueto of the
normalizationintroducedin (22):���,� |

with ��� D+E �_����� V | �T VxW (23)

Note that the constraint N 2 VúW can always be enforced
by selectingthe 0Q2 with the appropriatesign (we have as-
sumedcomplementationclosednessof - ). For convenience,
we will in thesequelalsooftenwrite T � ¢ insteadof óCT�ó L .
Using(17)andthedefinitionof ci�+ï weminimizeå À ��T�� | ��
 > | @¾· fI�,JML Á �3ÂÉÊ | ó�T�ó�L > ci�3T·�óCT�óPL Ë (24)

with respectto | and T with T V ¡ . Let< T À � |RÀ B=
 �,í \ � [?]E�û Ï ¤ £ å À �}T�� | � (25)

andlet
< T � � | � B bea globalsolutionto (23). Notethat |RÀ 
|�À �}Tr� introducedin Section2.2. Using (20) we conclude,

that ° [ �À�Î�Ï < T À � |RÀ B�
 < T � � | � B (26)

4.2 Ar c-GV – A GreedyAlgorithm

Let usnow consideroneparticulariterativestrategy for min-
imizing (24) which will turn out to be exactly Arc-GV: We
startwith T Ï 
9¡ and

D E`ü»ý W . In eachiteration ç we(i) ap-
proximate| À and(ii) find ahypothesis0 2 d4- (i.e.anindex7
) andupdateN 2 to getthenew hypothesisweightvector T ï .

Now the details: First we set ·Fï ý óCT ï ó Ä L which is a
reasonablechoice,as(assumingcomplementationclosedhy-
pothesissets)for AdaBoostandArc-GV ó�T�ó :þÖ

holds.
In step (i) one approximatesthe minimum margin | À by
(cf. Eq.(13))| 
 | ��T ï Ä L ��
 � [?]� ��� D E ð�ÿ�� �_�����S�



In step(ii) oneupdatesthehypothesisweighting N�ø ð by

N ø ð 
 �,í \ � [�]��� ð�� Ï fI��JML Á �QÂ � | óCT�ó L > c � Tr��� (27)

whereonechoosesthe index ÷Sï suchthat thesumin (27) is
minimal. That is, onefinds the hypothesissuchthat some
weightedtraining error � is minimized [16]. Note that for
the casewherewe use �,*��,$ -valuedweaklearnersonecan
computeaclosedform solution[8] for (27):N5ø ð 
 ��r°�Ç \ Ê � > �� |� > | Ë (28)

Moreover, notethat | is thesameas �
	�� usedin [8].
Proposition2 servesasa usefultool for proving thecon-

vergenceof suchkind of algorithms:Fromthe fastconver-
genceof | to |RÀ wecanconcludethat ô £ å À ��T�� | � vanishes
fast.Considertheupdatefor thehypothesisweight N ø ð given
by (27) and(28), respectively. Under rathermild assump-
tions,onecanshow thatin thelimit for óCT�óPL :.Ö

holds:�,í \ � [�]� � ð û Ï å À ��T�� | �G
 N�ø ð � (29)

where T is the vectorof the last iteration T ï Ä L changedin
the ÷ ï -th componentonly. This is becausethe factor ·õ
ó�T�ó Ä LL in front of thesumin (24) losesits influenceon the
minimizationof N ø ð as ó�T�ó ï Ä LL becomeslarge.

However, (29) doesnot imply that the gradientwith re-
spectto T becomes¡ yet, asneededto applyProposition2.
It needssomemoreargumentationto show thatô E å À � T�� | � : ¡^� (30)

whereone exploits that always the besthypothesis0 ø ð is
found. Essentially, a proof canbedonein thestyleof Theo-
rem4 in Section5.5,whereoneusestheconvergenceproper-
tiesof theGauss-Southwellmethod(gradient-descentin co-
ordinatedirectionswith maximalgradient)[27]. Onehasto
show, that ó�T�ó�L grows slow enoughwhile thegradientsbe-
comesmaller. Similar techniqueshavebeenusedin [15, 14]
and(30) hasalreadybeenshown in [8], so we will not go
into furtherdetails.Usingtheproperty(30), onecanfinally
applyProposition2 which shows theconvergence.

Basedontheargumentationabove,wewouldliketo view
Arc-GV asabarrieralgorithmusingaparticularstrategy (re-
lated to the Gauss-Southwellmethod)for minimizing

å À
andchoosing· .

4.3 AdaBoost– Finding a Separation

We canargueasbeforeandfind thatAdaBoostcanbeinter-
pretedasabarrieralgorithmfor findingaseparationof some
trainingsetwith marginat least� . For this,wefix | to � and
getthebarrierfunctionfrom Eq.(24)) aså À �}Tr��
 > ��@¾· fI�,JML Á �3Â Ê óCT�ó L � > c � T·�óCT�óPL Ë � (31)

Originally, the · in front of the sumin (31) down-weights
theconstraintpenaltiesagainsttheobjective. But in thecase
of AdaBoostandArcing we have � ý W and � ý const.,
respectively, andourgoalis to simplyobtaina feasiblesolu-
tion ( � � D E �_� � � V � , cf. Eq. (18)). Thus,we canomit the ·

hereanddropthe � in front. What remainsis only thesum
of (31). By usingthesamesimplifiedoptimizationstrategy
(coordinate–wisedescent)andsetting · ý óCT�ó Ä LL in (31)
as before,we obtain the original AdaBoosterror function
[8, 18, 31, 36]. Thus,we will geta solutionwith margin at
least � , if ó�T�ó�L :=Ö

. Notethat ó�T�óPL will stayboundedif
andonly if thereis no solution[16, 36].

4.4 Iterati veBoostingAlgorithms that alwaysupdate
all previouscoefficients

Therearetwo basicapproachesfor designingboostingalgo-
rithms. Thefirst oneis to updatethe coefficient of a single
(possiblynew) hypothesisin eachiteration.In this approach
wewantto do little work periteration.Typical examplesare
AdaBoostandArc-GV. A secondapproachis to ignoreop-
timization issuesandusetheoptimizationproblemsconsid-
eredin Section2.1 to alwaysfind theoptimalweightsof all
pasthypotheses.The Totally Corrective Algorithm of [22]
andthe ColumnGenerationAlgorithm of [3] areparticular
examplesusingthisapproach.7

Assumeat trial ç wealreadyhaveasubset- ï Ä L of ç > �
hypothesesfrom thebaseset - . Wealsohaveavector T ï Ä L
of ç > � weightsfor combiningthe hypothesesof - ï Ä L in
someoptimalway. This vectorwasfoundby solving some
convex optimizationproblem(e.g.theMargin-ExpProblem)
whenappliedto theset - ï Ä L . Notethatvia thedualrelation-
shipswe alwayshave a correspondingdistribution � ï Ä L on
theexamples.During trial ç we addonemorehypothesis0 ï
from thebaseset - to - ï Ä L to form - ï andthenfind ç new
weights T ï for all hypothesesof - ï .

We havenot specifiedhow to choosethenew hypothesis0 ï attrial ç . A naturalgreedyheuristicis chooseahypothesis
suchthatthevalueof optimizationproblemfor - ï Ä L�
 �10 ï $
is optimizedor approximatelyoptimized.

Basically, any optimizationalgorithmfor findinga linear
combinationfor a fixedsetof hypotheses(or by theduality
relationshipadistributionbasedon thesehypotheses)imme-
diatelyleadsto a boostingalgorithmvia theabovescheme.

4.5 A regularizedVersionof Boosting

The questionis which optimizationproblemshouldwe use
to constructa boostingalgorithm(via theschemeof thepre-
vious subsection)in the casewhen the examplesis noisy.
Before we addressthis we give somebackground. It has
beenshown thatsolutionsfoundby AdaBoost,Arc-GV and
alsofor theMargin-Expproblemfor · : W , tendto over-fit
thedata,asall patternsareclassifiedwith somenon-negative
margin [21, 36]. Severalapproacheshave beenproposedto
dealwith thissituation.For SVMsslackvariableshavebeen
frequentlyused[4, 49] to allow for somesoftmargin, i.e.vi-
olationsof themargin constraintssimilar to (7). In thedual
domainthe introductionof slackvariablesleadsto an a�� -
normconstrainton thedualvariables.Therefore,the (dual)
variables� of the Edge-LParerestrictedto intersectionof
theprobabilitysimplex U^f andsomehypercubeonly, where
the sizeof the hypercubeis controlledby someregulariza-
tion constant.Basically, thedistribution � is keptnearto the

7The boostingalgorithmsof [9] updatethe weightsof all past
hypothesesin parallel in an attemptto find a closeapproximation
of theoptimalweightsof all thepasthypotheses.



centerof thesimplex UMf . Thesameideahasbeenproposed
for Boosting
�

in [37].
In view of this discussion,it is natural to keep the ·

parameterin the Edge-Entropy problem(10) fixedor lower
bounded.Now therelativeentropy termdoesnot vanishand
is tradedoff with the maximumedge � . The parameter·
shouldbetunedvia cross-validation. Themorenoisein the
data,thelarger · shouldbe.Large · givetherelativeentropy
to theuniform distribution high importanceandthesolution
is keptcloseto thecenterof thesimplex U^f (asin SVMs). It
canbeshown that this regularizationapproachis equivalent
to thePBVM algorithmproposedin [44].

Note that the trade-off betweena relative entropy and
somelosshaslong beenusedto derive on-line learningal-
gorithms(seethe derivation of the ExponentiatedGradient
Algorithm in [23]).

5 Boostingfor Regression
Sofarweweremainlyconcernedwith understandingBoost-
ing algorithmsfor classificationfrom the barrieroptimiza-
tion point of view andpointedout potentialextensions.In
this sectionwe will now consideronenaturalgeneralization
in depth:Boostingfor regression.

5.1 Problemdefinition

Let - bea finite classof basehypotheses-º� 
õ�1032~� ' :eY� 7 
 �����C�C�`�C85$ . Theregressionproblemis to find some
function8 D+E d ° [�]^� -���� D+E � ' : e :D E �_�^� 
 HI2KJMLON 2 0 2 �_�^� (32)

with T�d�e H ��� d ' �
basedoniid (training)data �_�ML,����LC�S���C�C������� f �K� f �»d 'µ( e .
Thegoalof thelearningprocessis to find a function

D
with

a small risk � < D B×
���� g�� � �_� > D ���^��� ��� �_�i�K�3� , where �
is theprobabilitymeasurewhich is assumedto beresponsi-
ble for the generationof the observed data,and

�
is a loss

function, e.g.
� ��� > D ���^����
Ò�_� > D �_�^�K� b , dependingon

thespecificregressionestimationproblemathand.Sincewe
do not know the probability density � andour hypothesis
classmight belarge,onehasto take carethatthefunction

D
doesnotoverfit thedata.Thus,onehasto introducecapacity
control, i.e. onehasto boundthecomplexity of

D
. Oneway

to obtaina small(er)risk is to minimize a regularizedrisk
functional

������� < D B�� 
�� P
< D BQ@ ����!#" < D B (33)

where � ��!#" < D Bi�ì
 Lf X f�,JML � �_��� > D �����F��� is theempirical
risk, P is aregularizerpenalizing(andthereforelimiting) the
model complexity. The parameter� definesthe trade-off
betweencomplexity andempirical risk. Under rathermild
assumptionsit canbeshown [46] thatthereexistsaconstant�%$ suchthatminimizing (33) producesthesamefunctionas
solvingtheproblem � [�]

P & ')(+*-,/. � ��!#"
< D Bà� (34)

This is shown by thefollowing lemma:
8In somecasesit might be usefulalso to have a bias 0 . This

extensionis madein AppendixA.1.

Lemma 3 (Along the linesof [46]). Let
� �_� > D,E ���^��� and1�< D,E B be convex in T . If

1
definesa structure of nested

subsetsof ° [�]^� -�� , then for any sample 	32 ' ( e there
existsa monotonicallydecreasingfunction �%$à�4�~� , such that
theproblems(33)and(34)using � and �%$à�5�~� , respectively,
havethesamesolutionsets.

5.2 The ConvexProgram

Let us assumethat
�

and P are chosensuchthat �6�7��� < D E B
is convex in T . Then we can solve the following convex
programfor minimizing � �7��� < D,E B with respectto T :� [�] � P

< D+E B3@ Lf fX��JML � ��ñC���
with ñ���
#��� > D+E �����F� É
��R�C���C�`�K�É�984d�e�f��qT�d�e H (35)

Considerthefollowingoptimizationproblemwhichis equiv-
alentto (35) in thespirit of Lemma3.� [�] Lf fX�,JML � ��ñ � �

with P
< D E B^�:�%$ñ���
#��� > D+E �����F� É
��R�C���C�`�K�É�984d�e�f��qT�d�e H (36)

5.3 A Barrier Algorithm

Beforewe derive the barrierobjective, we substituteñ � by
two non-negativevariables;C���<; �� VmW :ñ � 
:; � > ; �� �
Theneachequalityconstraintin (35) canbereplaceby two
inequalityconstraints:� � > HI2KJMLON 2 0 2 ��� � �Ì� ; �> ���~@ HI2KJML N 2P0Q2R�����F�Ì� ; ��
Thus,thebarrierminimizationobjectivefor theproblem(35)
usingtheexponentialpenaltycanbewrittenas:
å À �}T��>=��>= � ���ì
?� P

< D E B3@ �� I � �7; � > ; �� �^@@×· fI�,J�L Ã Á Ä-@ ² ³ À @ Á Ä-@BA² ³ À Æ @@×· fI�,JML Ã Á CED ² Ä-@ ²GF ³ À @ Á C Ä D ² Ä-@BA² F ³ À Æ (37)

where ñ � � 
Y� � > X H2KJML N 2 0 2 ��H � � . To show how to mini-
mize(37)usingaBoosting-typealgorithm,weneedto spec-
ify P and

�
. For conveniencewe usethe I�L -norm of the

hypothesisweightvector T asa measurefor thecomplexity
of
D E

[45]

PL < D+E B^�ì
Yó�T�óPL1� (38)

Notethat it fulfills theassumptionsmadein Lemma3. Fur-
thermore,asfrequentlyandsuccessfullyusedfor regression
with SVMs [49, 41], weconsiderthe � -insensitive loss:�+J � D ���^� > �3�¹�ì
 ���,� � W �1ó D ���^� > ����óPL > ����� (39)



The � -insensitivelosshasappealingproperties,asit will usu-
ally lead
K

to sparsesolutionsof (35) andthe L -trick [42, 45]
can be applied to even optimize � automatically(cf. Ap-
pendixA.2). Notethatmostof thefollowing derivationsfor
this particularchoiceof P and

�
generalizeeasily to other

regularizersandcostfunctions(e.g.for someothernormofT andfor thesquaredlossusingthe °�Ç \ -barrierfunction).
Plugging in our definitions of

1�<EM B and
� � M � to (37) using

Lemma3 yields: å À ��T��>=��>= � �¹�ì
 �� óN= > = � óPLi@@×· fI�,JML Ã Á ÄO@ ² ³ À @ Á ÄO@NA² ³ À Æ @@×· fI��JML Ã Á CPD ² Ä J Ä-@ ²GF ³ À @ Á C Ä D ² Ä J ÄO@NA² F ³ À Æ (40)

with ó�T�ó�L4�Q�%$ . Now we canfind the optimal slackvari-
ables by minimizing (40) for given · and T by settingôSR å À 
9¡ andsolvingfor =��<= � . We get:

; � �_·M��
#· °�Ç \�����@ Á Ä C J Ä D ²GF ³ À � (41)

; �� �_·M��
#· °�Ç \�����@ Á Ä C J � D ² F ³ À �S� (42)

As expected,° [ �À�Î�Ï ; � �_·M��
 ���+� � W �ò� > ñ � � and ° [ �ÀQÎ�Ï ; �� ��·M��
���+� � W �ò��@�ñ � � hold.

5.4 How to Optimize in Practice

Usually, in abarrieralgorithmonewouldoptimizeall  i@ � �
parametersdirectly(upto acertainprecision)for some· and
thendecrease· until the desiredprecisionis reached.But
thenwe would needto know all hypothesisin - in advance
in orderto optimizetheir weights(like in SVMs). Thus,we
considera Boosting-typealgorithmthat finds onenew hy-
pothesis0 ø ð andits weight N ø ð in eachiteration.Thenthere
is only oneparameter, N ø ð �_·�� , to bedeterminedin eachiter-
ation.9

In thedescribedsettingwe canfulfill theconstraintó�T�ó�Lr��%$ only by stoppingthealgorithmwhentheconstraintis vi-
olated,becausetheweightsof thepreviousiterationsareal-
readyfixed.Oneway to keepgoingis to redefineT :N 2~�ì
UTR2 � [?]��ò���B� $ ó�V�ó Ä LL � (43)

andto optimizein termsof V . Thentheconstraintis always
fulfilled andis active, if andonly if óNV�ó�L V �%$ .10

5.5 Convergence

The critical point in proving the convergenceof the algo-
rithm is how the baselearnerselectsthe next hypothesis,
i.e. which index ÷�ï mustbechosen,suchthat

å À is reduced
reasonably– withoutknowing thewholehypothesisclass-

9To minimize (37) with respectto WYX ð for a given Ø , onemay
employ standardtechniqueslike Brent’s line searchmethodwhich
work quitefast.

10Therearealsootherways,like introducinga scalingvariable,
to dealwith thisproblem.

Algorithm 1 The � -Boostalgorithm

argument: Sample Zº
��P� L ���C�C�^��� f $R�<[ 
���� L �C�C������� f $
Number of iterations \
Regularization constant �%$
Tube size � VxW

constants: ·-] ï�^N_Kï d"� W �C�1� , `�¶9� .
returns: Linear combination from - .
function � -Boost ��ZÉ�<[��<\��B�%$ �ò���

Set ·É
#· ] ï�^N_�ï
for  É
j���C���C�`�q� doa �Ô
 Á �3Â ��� > ��� > ���qè1·M� > Á �3Â �K�_��� > �,�qè1·M�endfor
for çG
j���C���C�`�b\0 ï � 
cIu��ZÉ�<d6�T�ï¹� 
 �,í \ ���+�e ð ¤ f � �

å À �7V ï �
Compute T by (43)
Set ñ � � 
!� � > X 2 g N g 0 g �7H � �for  É
j���C���C���K� doa ���ì
 Á CED ² Ä R ² Ä J F ³ À > Á C Ä D ² Ä R A² Ä J F ³ Àendforh if � 0FïS�7Zo� � d � �m· , do· �ì
#·Yi
endif

endfor
return

D 
cji@ X Hï_JML N ï�0Fïend
function

å À �7VG�
Compute T by (43)
Set ñC�4� 
#��� > X ï g JML N g 0 g �7H����Compute =��<= � by (41) and (42)
Set k&�ì
 < ���O@l= � @"�3¢O� > �5�F@l= � � @¸�3¢��<= � �>= � � B
return Lf óB= > = � óPLi@¸· X g Á �3Â � >nm g è+·M�end

in advance.Theideais asfollows: Thegradientof

å À with
respectto eachN 2 canbecomputedasô ��o å À �}T&�<=��>= � ��
 fI�,J�L a �F032R�_���F���
wherea ��
 Á CED ² Ä R ² Ä J F ³ À > Á C Ä D ² Ä R A² Ä J F ³ À . To reduce

å À
iteratively (for somefixed · ) onemaychoosethehypothesis0 ø ð suchthat ÷SïG
 �,í \ ���+�2KJML ¤qpqpqpò¤ Hsrr ô �Go å À rr � (44)

This correspondsto a coordinatedescentmethod,the so-
calledGauss-Southwellmethod,whichfinally converges[27]
to theglobalsolutionof

å À – for somefixed · . This choice
of ÷Sï ensures,thatthe I¹� -normof ô E å À , andthereforeany
normof ô E å À (if - is finite),will convergetozerofor some
fixed · , becauseof theconvergencepropertiesof theGauss-
Southwellmethod.

Theorem4. Assume- is finite. Let thebaselearnerbe

Iu��ZÉ�<d6�¹�ì
 ��í \ ���+�t �Gu � 0^��Zo� � d � � (45)



Supposewe run � -Boost(seepseudocode)with �%$�¶ W as
regularizationv constantand � V W as tube size. Thenfor\ : Ö

the outputof the algorithm convergesto a global
solutionof (36)using

� 
 �+J and
1�< D,E B`

óCT�óPL .

Proof. Assumewe would fix ·õ¶ W , thenthe sequenceofT ï generatedin eachiteration ç convergesto theglobalmin-
imum of

å À exploiting theconvexity of

å À andtheconver-
gencepropertiesof theGauss-Southwellmethod.Thus,after
a finite numberof stepswe have8 Ä LK³Kb óCô E å À ��T~��ó�b��m·G�
Moreover, let 0 ø ð bethehypothesisfoundin the ç -th iteration
by thebaselearnerIu��ZÉ�<d ï � . Then8 Ä L�³qb ó�ô E å À ��T ï �Có b � óCô E å À �}T ï �Có �
 0^��Zo� � d ï �
Thus,line h in Algorithm 1 ensuresthatwe decrease· only
if óCô E å À �}T ï �CóCb���·Fï<w 8 . Hence,thealgorithmgenerates
sequencesof T ï and �_·�ïA��·Fï<w 8^� fulfilling the conditionsin
Proposition2. Thisprovesthetheorem.

Let us analyze(45) asa particularway of finding the next
hypothesis:Assume ó�0 2 ��Zo�Có b 
 constfor all hypothesis.
Then selectingthe hypothesiswhich minimizes the mean
squarederror(MSE)0Ô
 �,í \ � [�]t �Gu �� fI�,J�L � a � > 0M�_���F�K� b �
will resultin thesamehypothesisasin (44)and(45).

Thedefinitionof the baselearner(45) seemsto be very
restricting.Thenext corollaryusesa weaker conditionon I
andis adirectimplicationof Theorem4:

Corollary 5. Assumetheconditionsas in Theorem4 anda
baselearner I which for someweighting d alwaysreturns
a hypothesis0 , such that for somex � Ö���+�t �Gu � 0^��Zo� � d � �Ux � 0M�7Zo� � d � � (46)

Supposewerun � -Boost.Thenfor \ : Ö
theoutputof the

algorithmconvergesto a global solutionof (34).

Proof. Usingthesameargumentationasin theproofof The-
orem4, after a finite numberof stepsç we have a gradient
with respectto asub-vector T of T satisfying:8 Ä LK³Kb óCô E å À �}T ï �Có b ��·��
Moreover, let 0 ø ð be the hypothesisfound in the ç -th iter-
ation by a baselearner I×�7ZÉ�bd ï � fulfilling condition (46).
Supposetherewouldexist ahypothesis0 2 suchthat� ô �Go å À ��T�� � ¶UxÉ·G�
Then the baselearneris enforcedto return 032 before · is
decreased.Thus,thecoordinatedescentiterationswill focus
ondirectionswith largegradients.Thusafterafinite number
of iterationsthe gradientis reducedfor suchhypothesisas
well, untilóCô E å À ��T ï �Có � �yx¼ó�ô E å À �}T ï ��ó �

Hence,8 Ä LK³qb ó�ô E å À �}T ï ��ó b � óCô E å À ��T ï �Có �� xo0M�7Zo� � d ï �
Thus,line h in Algorithm1 ensuresthatwedecrease· only ifóCô E å À ��T ï �Có b �zx · ï w 8 . Hence,thealgorithmgenerates
sequencesof T ï and ��· ï �bx · ï w 8^� fulfilling the conditions
in Proposition2. Thisprovesthetheorem.

NB: One is now looking for a hypothesiswhich is not too
badcomparedto thebesthypothesisin - . If x½
 Ö , then
onewould allow that thebaselearnernever returnssomeof
the neededhypotheses.Thus,we could remove themfrom- andwould get x � Ö .

5.6 An Experiment on toy data

To illustrate(i) that the proposedregressionalgorithmcon-
vergesto theoptimal (i.e. zeroerror)solutionand(ii) is ca-
pableof findingagoodfit to noisydataweappliedit to a toy
examplewhoseresultsareshown in Figure1. For simplic-
ity we usedradialbasisfunctionkernelsasbasehypothesis,
i.e. - 
��10 � ���^��
 Á �3Â � > � óS� > � � ó b � �  �
����C���C�`�q�"$ .
6 Conclusion

Barrieroptimizationis a generalframework for minimizing
a constrainedobjective function. We have proposedto un-
derstandAdaBoostor Arc-GV asspecialiterative strategies
for barrier optimization. This new view suggeststhat we
canusethe tool kit of optimizationtheoryfor barriermeth-
odsquiteconvenientin thecontext of Boostingandit allows
e.g.simplerconvergenceproofsandmoregeneralBoosting
algorithmsfor classificationandregression. The proposed
new � -Boostalgorithmexemplifiesthis generalclaim, asit
definesa verynaturalBoostingschemefor regression.
So far the strengthof our contribution is to be seenon the
theoreticaland conceptualside. On the practicalside this
paperhasonly shown toy examples,to givetheproofof con-
cept. Largescalesimulationstudiesneedto follow. Future
theoreticalresearchwill be dedicatedto further exploiting
the link betweenbarriermethodsandBoosting,in orderto
obtainextensionsof Boostingalgorithmsthatareeventually
faster, better, moregeneralandeasierto understand.
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sonandBernhardScḧolkopf for valuablediscussions.This
work waspartiallyfundedby DFGundercontractJA 379/91,
JA 379/71andby EU in the NeuroColt2project. Manfred
Warmuthand a visit of GunnarRätschto UC SantaCruz
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A Extensions

A.1 Regressionusinga Bias

In somecasesit might be useful to have a bias term. One
way to achieve this is usinga hypothesisclassthat includes
theconstantfunction.But then– dependingonthedefinition
of the regularizer– the biasis penalized,too. Therefore,it
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Figure 1: Toy example: The left panelshows the fit of the sinc
functionwithoutnoise(trainingsamples:dots,fit: line) aftera large
numberof iterationswithoutany regularization.It is almostperfect,
i.e. empirically the algorithmconvergesto theoptimal solutionof
theunregularizedlinearprogram.The right panelshows a fit of a
noisysincfunctionwith regularizationparameter{}| vU~�� � (train-
ing samples:dots,fit: solid, � -tube:dotted,truefunction:dashed).

is worth investigatinghow to explicitely introduceit to � -
Boost.

In regressionwith bias j onehasto find somefunctionD E ¤ f d ��� �_-��S� D E ¤ f � ';: e :D E ¤ f ���^� 
 HI2KJMLON 2 0 2 ���^�^@ j
with T�d�e H �K�"d ' �Bj×d�e¹�

Thus,we only needto change(32) andall referringequa-
tions. In particularoneneedsto changethedefinitionof ñC� :ñ � � 
#� � > j > HI2KJMLON 2 0 2 �_� � �
However, the problemis how to find the minimizing j for
(40) in eachiteration.Oneway is to optimize j separatelyin
eachiteration,e.g.after finding N ø ð (cf. Algorithm 1). An-
other approach,likely to be more efficient in the number
of boostingiterations,would be to find j and N�ø ð simulta-
neously. Certainly, optimizing two variablesinsteadof one
is muchmorecomputationallyexpensive thanfor one. But

standardmethodslike the Newton algorithm or Conjugate
Gradientalgorithmswork quite fastfor two variables.Note
that for bothapproachesTheorem4 andCorrolary5 canbe
easilyextended.

A.2 Adaptive � -Boost

Oneproblemof the � -insensitive lossusedin � -Boostis that
it hasa freeparameter� specifyingthe tubesize. Tuning �
needssomeknowledgeaboutthe problemat hand. In [42]
a way for automaticallytuning � for SVMs wasproposed:
given a constantL´d/� W �C�1� , the tube-sizeis automatically
chosensuchthat approximatelya fraction of L patternslie
outsidethe � -tube.

This ideawasextendedin [45] for SVM regressionus-
ing linearprogramming.It turnsout to bea straightforward
extensionof (36):� [?] L���@ Lf X f��JML ;C�h@�; �� �ò� VmWwith =��)=-��d�e�f� �qT�d�e H�R� > D+E ¤ f �_����������@�;C���  É
��R�C�C���`�K�> � � @ D E ¤ f ��� � �¹����@�; �� �� É
´�R�C���C�`�K�óCT�ó×�:�%$ (47)

Hencethe differencebetween(36) and (47) lies in the
factthat � hasbecomeapositivelyconstrainedvariableof the
optimizationproblemitself. The L propertyfor (47), stated
below (see[45, 37]) canbeshown straightforward.

Proposition6 ([45]). Assume��¶ W . Supposewerun (47).
Thefollowing statementshold:

(i) L is anupperboundonthefractionof errors (i.e. points
outsidethe � -tube).

(ii) L is a lower boundon the fractionof pointsnot inside
(i.e. outsideor on theedgeof) the � tube.
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[35] G. Rätsch,T. Onoda,andK.-R. Müller. RegularizingAda-
Boost. In M.S. Kearns,S.A. Solla, and D.A. Cohn, edi-
tors,Advancesin Neural InformationProcessingSystems11,
pages564–570.MIT Press,1999.
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