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Abstract

Boosting algorithmslike AdaBoostand Arc-GV
are iterative strat@iesto minimize a constrained
objectivefunction,equivalentto Barrieralgorithms.
Basedon this new understandingt is shavn that
corvergenceof Boosting-typealgorithmsbecomes
simplerto prove andwe outline directionsto de-
velop further Boosting schemes. In particulara
new Boostingtechniquefor regression- e-Boost
—is proposed.

1 Intr oduction

The pastyearshave seenstronginterestdedicatedo Boost-
ing andensembldearningalgorithmsdueto their succesn
practicalclassificationapplications(e.g.[13, 26, 28, 43, 2,
11]). Recentresearchn this field now focuseson the better
understandingf thesemethodsand on extensionsthat are
concernedvith robustnessssueq31, 3, 37, 36, 38] or gen-
eralizationsof Boostingalgorithmsto regressior|19, 14, 5].

The presentvork aimsto contributein two respectsia)
we will shav an importantrelation of Boostingto a gen-
eral classof optimizationmethodsthe so-calledbarrierop-
timization — a techniqueto minimize constrainecbjective
functions[20]. We clarify that Boostingcan be seenasa
specialcaseof barrier optimization,i.e. asan iterative ap-
proximationmethodto a barrieralgorithmthatalsorelateso
the Gauss-Southwethethod[27] of nonlinearoptimization.
Furthermorethisunderstandingllowsusto outlinepossible
pathsgoing beyond existing Boostingschemes For exam-
ple, cornvergencetheoremsfrom the optimizationliterature
canbeapplied,simplifying convergenceproofsfor Boosting
type algorithms. We choosea particularlyinterestingpath,
giving rise to our secondcontribution: (b) the definition of
anew Boostingalgorithmfor regressiorandits corvergence
proof. Experimentson toy examplesfollow, that showv the
proofof concepffor ourregressioralgorithm.Finally a brief
conclusionis given.

2 Boostingand Convex Programming

In this sectionwe will introducesometerminologyandno-
tation corventions. We will mainly considercorvex opti-
mization problemsfor finding hypothesiscoeficients that

are usedfor somelinear combinationof hypothesesrom a
givenfinite hypothesisset. Contrarily, in Section4 we will
considetliterative algorithmslike AdaBoostandArc-GV.

2.1 Margin, Edgeand Linear Programming

We begin by focusingon the following problem. We are
givenasetof N examplesZ = {(x,,y,) : 1 <n < N} C
X x {£1} anda (finite) setof hypothese${ = {h; : 1 <
j < J}oftheform X — [-1,+1].

Our goalis to find a “good” corvex combinationof the
hypothesesg,e.

J
fa(xn) =Y ajhj(xn), @)
j=1

wherea lies in the J-dimensionalprobability simplex T'7.
Thatis, a; > 0 andY 7_; o = 1. If f, is usedasaclassi-
fier thenthe classificatiorof instancex is sign(fq (x)).!

Let us now definea measureof goodnesdor a single
example. The mamin of an example (x,,y,) with respect
to a givenweightvectora is definedasy,, fo (x,). A pos-
itive mamin correspondgo a correctclassificationand the
morepositive the mamgin the greaterthe confidencg 39, 40,
49] that the classificationis correct. The margin hasbeen
frequentlyusedin the context of SupportVector Machines
(SVMs) [49, 47] andBoosting(e.g.[39, 40, 36]). However,
for the definition of the maigin oneneedgo have a normal-
izationby somenormof a;, asotherwiseonecouldarbitrarily
increasehemaimin by scalingtheweightvectora. Different
normsareusedfor SVMsandBoosting.In SVMsthemagin
is normalizedby the />-norm of theweightvectorin feature
space.In Boostingthe £;-norm of the weightvectoris used
(cf. Footnotel). Notethatfor the purposeof classification
thenormalizationof the function f,, is immaterial.

For corveniencewe introducethe matrix U € RY*7,
whereU,; = ynh;(x,). Then-th example(x,,y») corre-
sponddo then-th row andthe j-th hypothesido the j-th col-
umnof U. Welet U,, denotehen-th row of U. With thisno-
tationthe mamgin of the n-th exampleis y,, fo (x,,) = U, .
Themamin of afunction f,, is definedasthe minimummar

!Note,thatwe coulduseanarbitrarya: > 0, e.g.||a||1 # 1 and
thenwe would needto normalizethefunction f~. Here,we usethe
£, normfor thenormalization.



ginoverall N examplesj.e.
N
pla) = mirll Uno. 2
n=

A reasonablehoice[29, 21, 1, 49 for a corvex combi-
nationis to maximizethe minimummamin of theexamples,
ie.

choosen* € T suchthatp(a*) = max pla). ()

ac

Roughlyspeakingthelargerthemarginthebetterthebounds
thatcanbe provenfor the generalizatiorerror (e.g.[49, 1]).
Also SVMs are basedon maximizing a minimum maugin.
They usethe/,-normto definethemargin andthe maximum
maugin hyperplanemaximizesthe minimum geometricdis-
tanceof the patternsto the hyperplane.In our casewe use
the/;-normto definethemamin. Now themaximummaurgin
hyperplanemaximizesthe minimum/,, distanceof the pat-
ternsto the hyperplane[30]. We assumefor corvenience
throughoutthe paperthat the hypotheseslassis comple-
mentationclosed(h € H implies—h € H) in orderto avoid
problem$ for the casethatp(a*) < 0.

Boostingalgorithmsmaintaina distributiond € T'V on
the examples.Whatwould be a good choicefor this distri-
bution for a givensetof examplesandhypothesesAssume
for amomentthatthelabelsof the hypothesisrebinary; i.e.
hj(x,) € {£1}. Thenfor adistribution d, the dot product
UJ-Td = ZN dnynh;(xy) is the expectationthat h; pre-
dictsthe {£1} label correctly® We call this the edge [8] of
thehypothesisy;. Notethatarandomhypothesisasanex-
pectededgeof zeroandsinceh;(x,) € [—1,+1], theedge
of h; liesin [—1, +1]. We definethe edge of a weightvector
d asthemaximumedgeover the setof hypothesesg,e.

e(d) = r;lélx Uld. (4)

Since?—l is complementatiorclosed,the above is equivalent
tomaxy_, |U,"d|. Inthecaseof Boostingwewanttofinda
distribdtion on the examplessuchthatthe maximumedgeof
thehypothesess minimized[8] (a solutionalwaysexists):

choosed* € TV suchthate(d*) = min e(d).  (5)
= N

The minimax theoremof linear programming(LP) can
be usedto malke the following connection8, 21, 17, 3] be-
tweenthe above two optimizationproblems.

Theorem1.

d) = 6
min ¢(d) = max p(a). (6)

The theoremis proven by consideringboth sidesof (6)
aslinear programmingproblems(Here 0 and1 arevectors
or all zerosand ones,respectiely, wherethe dimensionis
understoodrom the context):

max p midn €
P, €,
st. a>0,a’1=1 d>0,d1=1
Ua > pl UTd <el (7)

Margin-LP Problem Edge-LPProblem
2plternatively, one canusetwo non-ngjative weightsper hy-
pothesish;, onefor h; andonefor —h;.

3Herecorrectmeans+1 andincorrect—1. If correctis encoded
as+1 andincorrectas0, thenit would become} (U;'d + 1).

Both problemsaredualto eachotherandthustheequalityof
thetheorenfollowsfrom thefactthatthe primalandthedual
objective have the samevalue. Sinceour hypothesislassis
complementatiorelosed,this valueis always non-nejative.
TheMargin-LP Problemwasintroducedn [29] andwasfirst
usedfor Boostingin [8, 21].

2.2 Boostingand Relative Entr opy Minimization

Wewill now usethe Edge-LPproblemto make a connection
to a classof Boostingalgorithmsthat usea relative entropy
in theobjectivefunction[22, 25, 9]. In theTotally Corrective
Algorithmof [22] andin arelatedalgorithmby [9] the edge
was forcedto be zerofor all hypotheses.This essentially
correspondso the Edge-LPProblemwith e fixedat0. Fur
thermorea relative entropy to the uniform distribution was
usedasthe object've function:

Irhin E dpIn {22
s.t. d > 0, dT1 =1
UTd=0 ®)

Totally Corrective Algorithm

Note, the well-known AdaBoostalgorithm [16, 40] canbe
motivated as minimizing a relative entropy subjectto the
constraintthat the edgeof only the last hypothesiss zero
[16, 22, 25, 9].

However, how shouldonechoosed whenthereis nodis-
tribution d for which the edgesof all hypothesesrezero?
Theoreml impliesthatif the mamgin p(a*) > 0, thensuch
distributiond doesnotexist. In this casetheminimal edgeis
positive. This questioncanbe answeredy addingarelative
entropy to the objectve functionof the Edge-LPProblem:

min e+,32d lnl/N

e,d

s.t. d>0dT1—1
UTdSC].

Notethatwe introduceda constanparametey3, which con-
trols thetrade-of betweerkeepingthe edgee versustherel-
ative entropy of d minimal. For 8 — 0 werecovertheEdge-
LP Problem.Also notethatif ¢ = 0 is enforcedn theabove
problemthenwe arrive at the optimizationproblemof the
Totally Corrective Algorithm. We believe that above prob-
lem with the trade-of parametei is the naturalchoicefor
thecasewhenp(a*) > 0.

Beforewe continuewe changeio amorecorvenientvari-
antof theabove problem(9). Usingthe new problem(called
the Edge-Entiopy Problem) will simplify the notationin the
sequelof the paper Note that constraintf both problems
arethe same put the objective function of the new problem
differsby AdT1(In N + 1). Sincewe have the constraint
d"1 = 1, it is a constantand both optimizationproblems
areequwalent:

C)

min e+,32d Ind, — dy

s.,t. d>o, dTl =1
10
UTd < el, (10)

Edge-Entrop Problem



Thedualof theaboveis

N, —U,a
max pz—f > exp (W’T")
pBox n=1
st. a>0,a’1=1 (11)
Margin-ExpProblem

In Sectiond.2we will presenhow this problemis relatedto
the Arc-GV algorithm[8]. Let pg(cax) bethesolutionof (11)
for afixeda. We have:

al U,
pa(a) = —Blog [Z ew (-22)|. a2
n=1
Analyzingthebehaior of ps(a) for 8 — 0 yields:
lim pp(e) = p(e), (13)

wherethe corvergencein termsof § is linearin the worst
case. We cangetrid of the variablepg in the Margin-Exp
Problemby pluggingin the optimal pg(c) givenin (12).
This resultsin an equivalentoptimizationproblemwith one
lessvariableto optimize:

N
: Uy
min B [log n§:1 exp (— % ) + 1] (14)
st. a>0,a'l1=1

Notethatexceptfor the constrainio ' 1 = 1 (andsomecon-
stantstheabove problemis dualto theoptimizationproblem
(8) of the Totally Corrective Algorithm. Also AdaBoostcan
be motivatedas optimizing a log of a sumof exponentials,
wherethe constrainta "1 = 1 is absent. Note alsothat
the solutiona; of the Margin-Exp Problemcornverges(for

B — 0) to aglobalsolutiona* of the Margin-LP Problem?®
Whenthe examplesarenoisythenthe solutionfound by
(3) and(11) for 8 — 0 tendsto over-fit the data,asall pat-
ternsareclassifiedwith somenon-ngyative mamin [21, 36].
In Section4.5 we will considera regularizationapproach,
wherethe entrofy is usedasregularizationby keepings >
0. Then,theparametep specifieghetrade-of betweemin-
imizing the edgeandkeepingtherelative entropy small.
Note that the constraintsUa: > p1 of the Margin-LP
problemareabsenfrom the Margin-Expproblem.However,

lim —Bexp (87 (p — Upar)) = —o0 iff Upa < p
B—0

andthusthe additionalterm (which involvesa sumof expo-
nentials)in the objective function of the Margin-Exp Prob-
lem enforcesthe constraintd/,,a > p for small enoughg.
Thistechniqudor solvinga constrainoptimizationproblem
is known asthe exponentialbarrier method(e.g.[10]). Also
theconstraintad > 0 canberemosedwhengoingfrom the
Edge-LPProblemto the Edge-Entroy problem. Here,the

“However, the scaling can easily be done by setting 8 =
1/(1" a*), wherea* is now theunnormalizedrersionof . This
will beworkedoutin detailin Section4.2.

®For the casethatthe solutionof the Margin-LP Problemis not
unique,(14) preferssolutionswhich have a small relative entrogy
in thedualdomain.

entropy termworks asa barrierfor the non-neatiity con-
straints. This barrierfunctionis calledthe entropic barrier
[6].

Beforewe shav somemore connectiongo Boostingin
Sectiond, we will introducethe numericalmethodof barrier
optimizationin the next section.

3 Barrier optimization

3.1 Problemdefinition

Let us shortly review somebasic statementsand formula-
tions aboutbarrieroptimizationtechniques For details,the
readeris referredto e.g.[20, 6, 27]. Considerthe corvex
optimizationproblem

min  ¢(0)

with  ¢n(8) > 0, (15)

Yn=1...N
We call C the corvex setof feasiblesolutionsdescribedy
C={60:c,(0)>0, VYn=1,...,N}. (16)

We assume® is non-emptyi.e. thereexists a feasiblesolu-
tion. If thefunctiong(0) is strictly convex, thenthe solution
of problem(15)is unique.If g(8) is corvex only, thereexists
asetof globalsolutions®*. Notethatfrom the corvexity of
g(0) andC followsthatary local minimumis a globalmini-
mumaswell.

3.2 Barrier functions

Problem(15) canbesolvedby findingasequencef (uncon-
straint)minimizersof the so calledbarrier(or penalty)error
function

N
Es(0) =g(0) + > _ rp(ca(0)), (17)

where, kg is a barrierfunctionand > 0 is a penaltypa-
rameter Commonchoicesfor kg canbe foundin Table 1.
Barrieralgorithmsusea suitablychosersequencef 3’sthat
goesto zero. For eachg, usingthe 8 foundin the previous
iterationasa startingvalue,(17) is minimized.

For the Log-Barrierandthe EntropicBarriertheinitial @
hasto be a feasiblesolutions. The barrierfunction assures
thatthe sequencef 8's correspondingo the decreasinge-
guenceof 8 valuesremainfeasible. Thusthefinal 8* is ap-
proachedrom the“interior” of thefeasibleregion. Methods
basedonthe Log-Barrierandthe EntropicBarrierarethere-
fore calledinterior point methods. Suchmethodsare often
usedfor finding solutionsfor SVMs[7].

Table1l: Commonbarrierfunctionsusedin corvex optimization

kg(t) Name
—Blogt Log-Barrier[6, 20, 27]
—pBtlogt EntropicBarrier[6, 27]
Bexp(—t/B) | Exp-Barrier[10, 24, 12, 33

In the caseof the Exp-Barrier the initial solutiondoesnot
have to befeasible[10]. For the Exp-Barrierthe minimizers



of Eg(6) will becomefeasibleautomatically when g be-
comessmallenough.If aconstraints violatedthenthis will
leadto an exponentialgrowth in the barrier objective (17).
So the barrier hasthe effect thatit keeps@ in the feasible
region or pullsit closerto a feasiblesolution. Note that En-
tropic Barrieris thedualof the Exp-Barrier(cf. Section2.2).

The Exp-Barriercanalsobe usedto solve the feasibility
problemfor corvex programming:

find @

with ¢,(8) >0 Vn=1...N (18)

In fact,wewill seein Sectiord.3thatAdaBoostexploitsthat
property Solvingthe feasibility problemwith interior point
methodsis moreinvolved [48]. In the restof the paperwe
concentrat@ntheExp-Barrieronly andfocusonits connec-
tion to Boostingmethods Most of thework in Section5 can
beextendedo otherbarrierfunctions.

3.3 Convergence

Besidesan intuitive reasoningfor the barrier function con-
verging to anoptimalsolutionof (15) thefollowing presents
somemoreformal aspectslLet usdefine

63 := argmin Eg(0) (29)
)

asthe optimal solutionfor somefixed 3. Moreover, let ®*
be the setof global solutionsof (15). Thenfor ary barrier
functionandary sequences; — 0 holds:

lim 65, € © (20)

However, for the Exp-Barrief it it turnsout to be unnec-
essaryto exactly minimize Eg, for eachg;. Thefollowing
propositionshavs how closeanestimated’ to 63, hasto be,
in orderto obtainthe desiredcorvergence:

Proposition 2 (alongthe lines of [10]). Assumeg and ¢,
are differentiableand corvex functions.Let8* beand, > 0
minimizerof

N
Es, (0) = g(8) + B > _exp(—ca(0)/8),  (21)

i.e. |VoEg, (6| < 6. Then,for 6,8 "= 0 everylimit
pointof {8'};cn is a global solutionto (15).

In thesequelwe will oftenusea simplerversionof Proposi-
tion 2, whereweuses; = §; andrequire|| Ve Es, (6")|| < B;.

4 BoostingasBarrier Algorithms

In Section2 we have considerectconvex optimizationprob-
lemsfor finding the hypothesisoeficientsa for a givenfi-
nite hypothesiset?. Now, we would lik e to consideritera-
tive algorithmsthathave to solve two problems:In eachiter-
ationonehasto selecta hypothesidrom # andthenoneas-
signsaweightto theselectechypothesisWe will shav how
AdaBoost[16] and Arc-GV [8] canbe understoodas par
ticular implementation®f a barrier optimizationapproach,
asymptoticallysolving convex optimizationproblemsof the

SFor otherbarrierfunctionsthereexist similar results.

type statedin Section2. It is shavn, that Boostingis basi-
cally a Gauss-Southwelethodminimizing a barrierfunc-
tion.

Throughoutthe paper we will think of dealingin each
iterationt of Boostingwith a full hypothesiswveight vector
ot of size J. However, usually we will changeonly one
entry j atatime. We denoteby I; the index of the hypoth-
esisthathasbeenchosernin thet-th iterationandby «;, the
hypothesiscoeficient that hasbeenupdated. Thus, I is a
mappingfrom the hypothesethathave beenchosersofarto
H,ie.l:N—H.

4.1 The underlying Optimization Problem

Let fo beacorvex combination(cf. Section?) of hypotheses
h € H asdefinedin Section2

J
fax) =3 T hy(x), (22)
= Jlall;

wherewe enforcethe hypothesisoeficientsto sumto one
by dividing by ||a||:. For simplicity, we will considerthe
unnormalizedversionof « throughoutthe restof the paper
andnormalize f it is needed.

Suppos@newould lik e to solve the Margin-LP Problem
(7), wherewe canomitthea " 1 = 1 constrainidueto of the
normalizationintroducedn (22).

max p
with ynfa(xn) > p, (23)
a>0

Note that the constrainta; > 0 can always be enforced
by selectingthe h; with the appropriatesign (we have as-
sumedcomplementatioclosednessf #). For corvenience,
we will in the sequellsooftenwrite o' 1 insteadof ||c||;.

Using (17) andthedefinitionof U,,; we minimize

N
pllells — Una
Eg(a,p)=—p+p ) exp (* (24)
o Z Bllalh
with respecto p anda with o > 0. Let

argmin Eg(a, p) (25)
a>0,p

[as,ps] =

andlet [a*, p*] beaglobalsolutionto (23). Notethatpg =
ps(a) introducedin Section2.2. Using (20) we conclude,
that

4.2 Arc-GV —A GreedyAlgorithm

Let usnow considemoneparticulariterative stratey for min-
imizing (24) which will turn out to be exactly Arc-GV: We
startwith a® = 0 and f,o = 0. In eachiterationt we (i) ap-
proximatepg and(ii) find ahypothesish; € H (i.e.anindex
j) andupdater; to getthenew hypothesisveightvectora?.

Now the details: First we sets; = ||at||~! whichis a
reasonablehoice as(assumingomplementatioglosedhy-
pothesissets)for AdaBoostandArc-GV ||a|| — oo holds.
In step (i) one approximateshe minimum mamin pg by
(cf. Eq.(13))

p=pla™)

=min y,for-1(Xn)-
n



In step(ii) oneupdateshe hypothesisveightinga;, by

N
@, = argmin Z exp (pl|a||1 — Un ), (27)

ar, >0 n=1

whereonechoosegheindex I; suchthatthe sumin (27)is
minimal. Thatis, onefindsthe hypothesissuchthat some
weightedtraining error € is minimized [16]. Note that for
the casewherewe use{+1}-valuedweaklearnersonecan
computea closedform solution[8] for (27):

_ 1 1—-€¢ p
aIt—Qlog( c l—ﬁ) (28)

Moreover, notethatp is the sameastop usedin [8].
Proposition2 senesasa usefultool for proving thecon-
vergenceof suchkind of algorithms: From the fastcorver
genceof p to ps we canconcludethatV, Eg(a, p) vanishes
fast.Considettheupdatefor thehypothesisveighta;, given
by (27) and (28), respectiely. Underrathermild assump-
tions,onecanshaw thatin thelimit for ||a||s — oo holds:

argmin Eg(a,p) = @y, (29)
Cljt 20

wherea is the vectorof the lastiterationa!~! changedn
the I;-th componentnly. This is becausdhe factorg =
lee]|7 in front of the sumin (24) losesits influenceon the
minimizationof oz, as||a||™! becomegarge.

However, (29) doesnot imply thatthe gradientwith re-
spectto o becomed) yet, asneededo apply Proposition2.
It needssomemoreargumentatiorto shov that

VaEp (@,p) = 0, (30)

where one exploits that always the besthypothesish;, is
found. Essentiallya proof canbe donein the style of Theo-
rem4in Sections.5,whereoneusegheconvergenceroper
tiesof the Gauss-Southwelhethod(gradient-descerih co-
ordinatedirectionswith maximalgradient)[27]. Onehasto
shaw, that||e||; grows slow enoughwhile the gradientsbe-
comesmaller Similartechniquediave beenusedin [15, 14]
and (30) hasalreadybeenshown in [8], sowe will not go
into further details. Using the property(30), onecanfinally
apply Proposition2 which shavs the corvergence.

Basedntheargumentatiorabose, wewouldliketo view
Arc-GV asabarrieralgorithmusingaparticularstratey (re-
lated to the Gauss-Southwelinethod)for minimizing Eg
andchoosings.

4.3 AdaBoost-Finding a Separation

We canargueasbeforeandfind thatAdaBoostcanbeinter

pretedasa barrieralgorithmfor finding a separatiorof some
trainingsetwith margin atleasty. For this,wefix p to ¢ and
getthebarrierfunctionfrom Eq. (24)) as

E(a):—wﬁfexp(w> o
’ flal )

Originally, the g in front of the sumin (31) down-weights
theconstrainfpenaltiesagainsthe objective. But in the case
of AdaBoostand Arcing we have ¢ = 0 andy = const,
respectiely, andour goalis to simply obtaina feasiblesolu-
tion (ynfo(xn) > ¢, cf. EQ.(18)). Thus,we canomitthe 8

hereanddropthe ¢ in front. Whatremainsis only the sum
of (31). By usingthe samesimplified optimizationstratey
(coordinate-wisalescentandsetting3 = [la||7" in (31)
as before, we obtain the original AdaBoosterror function
[8, 18, 31, 36]. Thus,we will geta solutionwith mamgin at
leasty, if ||a|l; = oo. Notethat||c||; will stayboundedf
andonly if thereis no solution[16, 36].

4.4 lterati ve Boosting Algorithms that alwaysupdate
all previous coefficients

Therearetwo basicapproachefor designingooostingalgo-
rithms. Thefirst oneis to updatethe coeficient of a single
(possiblynew) hypothesisn eachiteration.In thisapproach
we wantto do little work periteration. Typical examplesare
AdaBoostandArc-GV. A secondapproachs to ignoreop-
timizationissuesandusethe optimizationproblemsconsid-
eredin Section2.1to alwaysfind the optimalweightsof all
pasthypotheses.The Totally Corrective Algorithm of [22]
andthe ColumnGenerationAlgorithm of [3] are particular
examplesusingthis approact.

Assumeattrial t we alreadyhave asubsef{!~! of t — 1
hypothesefrom thebasesetH. We alsohave avectora!—!
of ¢t — 1 weightsfor combiningthe hypothese®f #¢~! in
someoptimalway. This vectorwasfound by solving some
corvex optimizationproblem(e.g.the Margin-ExpProblem)
whenappliedto theset#!~!. Notethatvia thedualrelation-
shipswe alwayshave a correspondinglistribution d*~! on
the examples.During trial ¢ we addonemorehypothesish;
from the baseset# to H!~! to form #! andthenfind ¢ new
weightsa! for all hypothesesf !.

We have not specifiechow to choosehe new hypothesis
hy attrial t. A naturalgreedyheuristicis chooseahypothesis
suchthatthevalueof optimizationproblemfor ;4 U {h;}
is optimizedor approximatelyoptimized.

Basically any optimizationalgorithmfor finding alinear
combinationfor afixed setof hypothesegor by the duality
relationshipa distribution basedn thesehypothesesimme-
diatelyleadsto a boostingalgorithmvia theabove scheme.

4.5 A regularizedVersion of Boosting

The questionis which optimizationproblemshouldwe use
to constructa boostingalgorithm(via the schemeof thepre-
vious subsection)n the casewhen the examplesis noisy.
Before we addresshis we give somebackground. It has
beenshawn thatsolutionsfound by AdaBoost,Arc-GV and
alsofor the Margin-Exp problemfor 8 — 0, tendto over-fit
thedata,asall patternsareclassifiedvith somenon-neative
maurgin [21, 36]. Severalapproachebave beenproposedo
dealwith this situation.For SVMs slackvariableshave been
frequentlyused[4, 49] to allow for somesoftmamin, i.e. vi-
olationsof the margin constraintsimilar to (7). In the dual
domainthe introductionof slackvariablesleadsto an .-
normconstrainton the dual variables.Therefore the (dual)
variablesd of the Edge-LParerestrictedto intersectionof
theprobability simplex 'V andsomehypercubeonly, where
the size of the hypercubeis controlledby someregulariza-
tion constantBasically thedistributiond is keptnearto the

"The boostingalgorithmsof [9] updatethe weightsof all past
hypotheseén parallelin an attemptto find a closeapproximation
of theoptimalweightsof all the pasthypotheses.



centerof thesimplex T'V. The sameideahasbeenproposed
for Boostingin [37].

In view of this discussion,it is naturalto keepthe 3
parametein the Edge-Entroy problem(10) fixed or lower
boundedNow therelative entropy termdoesnot vanishand
is tradedoff with the maximumedgee. The parameters
shouldbe tunedvia cross-walidation. The morenoisein the
data,thelargerg shouldbe. Largef givetherelativeentropy
to the uniform distribution high importanceandthe solution
is keptcloseto the centerof thesimplex TV (asin SVMs). It
canbe shawn thatthis regularizationapproachis equivalent
to the PBVM algorithmproposedn [44].

Note that the trade-of betweena relative entrogy and
somelosshaslong beenusedto derive on-line learningal-
gorithms(seethe derivation of the Exponentiatedsradient
Algorithm in [23]).

5 Boostingfor Regression

Sofarwe weremainly concernedvith understanding@oost-
ing algorithmsfor classificationfrom the barrier optimiza-
tion point of view and pointedout potentialextensions.In
this sectionwe will now consideronenaturalgeneralization
in depth:Boostingfor regression.

5.1 Problemdefinition
Let # bealfinite classof basehypothese${ := {h; : X —

R:j=1,...,J}. Theregressiorproblemis to f|nd some
functiorf fc, c hn( )y fa: X = R
J
> ajhy(x) (32)
j=1
with aclR xeX,

basedniid (training)data(x1, y1),-- ., (Xn,yn) € X XR.
The goal of the learningprocesss to find a function f with
asmallrisk R[f] = [, pl(y — f(x))dP(x,y), whereP
is the probability measuravhich is assumedo beresponsi-
ble for the generatiornof the obsened data,and! is a loss
function, e.g. I(y — f(x)) = (y — f(x))?, dependingon
thespecificregressiorestimationproblemathand.Sincewe
do not know the probability density P and our hypothesis
classmight be large,one hasto take carethatthefunction f
doesnotoverfitthedata.Thus,onehasto introducecapacity
control, i.e. onehasto boundthe compleity of f. Oneway
to obtaina small(er)risk is to minimize a regularizedrisk
functional

Rireg [f] := CP[f] + Remp!f] (33)

whereRemp[f] := & SN 1(yn — f(x»)) is theempirical
risk, P is aregularizerpenalizing(andtherefordimiting) the
model compleity. The parameterC definesthe trade-of

betweencomplexity andempiricalrisk. Underrathermild

assumption#t canbe shown [46] thatthereexistsa constant
C' suchthatminimizing (33) produceghe samefunctionas
solvingthe problem

iz ey (34)

Thisis shovn by thefollowing lemma:

®ln somecasesit might be usefulalsoto have a biasb. This
extensionis madein AppendixA.1.

Lemma 3 (Along the lines of [46]). Letl(y — fa(x)) and
P[fa] be corvex in c. If P definesa structue of nested
subsetof lin(H), thenfor any sampleZ C X x R there
existsa monotonicallydecreasingfunctionC’(C), sud that
the problemg(33) and (34) usingC andC’(C), respectively
havethe samesolutionsets.

5.2 The ConvexProgram

Let us assumethat/ and P are chosensuchthat R.cg[ fo]
is corvex in . Thenwe can solwe the following convex
programfor minimizing Ryeg [f,_.,] with respecto a:

min CP[fa]+ Zl( n)

with 6, = Yn — fa (xn)
n=1,...,N,6 e RN, a e R’

Considetthefollowing optimizationproblemwhich isequiv-
alentto (35) in thespirit of Lemma3.

(35)

min % l(5n)
with P[ ] (36)
= fa(xn)
n= 1 N, eRY,a e R/

5.3 A Barrier Algorithm

Beforewe derive the barrier objectve, we substituted,, by
two non-ngative variablest,,, £ > 0:

Theneachequalityconstraintin (35) canbe replaceby two
inequalityconstraints:

J
- Z ajhj(x
=1

VAN

€n

J
—Yn + Z ajhj (xn) < '5:;
=1

Thus,thebarrierminimizationobjectivefor theproblem(35)
usingthe exponentialpenaltycanbewritten as:

Ep(a,€,£") := CP[fa] +—Zl
+6Z (e—fn/ﬁ + e‘fZ/B) +
n=1

+8 i (e(én—ﬁn)/ﬁ + e(—én—EZ)/ﬂ) 37)
n=1

whered, =y, — Y7, a;h;j(z,). To shav how to mini-
mize (37) usinga Boosting-typealgorithm,we needto spec-
ify P andl. For corveniencewe usethe Li-norm of the
hypothesisveightvectora asa measurdor the complexity
of fo [45]

Pi[fa] := llal1- (38)
Notethatit fulfills theassumptionsnadein Lemma3. Fur
thermore asfrequentlyandsuccessfullyusedfor regression
with SVMs [49, 41], we considerthec-insensitve loss:

l(f (%) —y) == max(0, | f(*) —ynllL —€).  (39)



Thee-insensitvelosshasappealingropertiesasit will usu-
ally leadto sparsesolutionsof (35) andthe v-trick [42, 45|
can be appliedto even optimize ¢ automatically(cf. Ap-
pendixA.2). Notethatmostof thefollowing derivationsfor
this particularchoiceof P and! generalizeeasilyto other
regularizersand costfunctions(e.g.for someothernorm of
«a andfor the squaredossusingthelog-barrierfunction).
Pluggingin our definitionsof P[-] and I(-) to (37) using
Lemmag3 yields:

Ba(e,8,6%) = Il — &7l +

+5i (e*§n/5 +e*§://3) +
n=1
N

+83° <e(6rsf€n)/l3 + e(fénfstZ)/ﬂ) (40)
n=1
with ||a||; < C'. Now we canfind the optimal slackvari-
ables by minimizing (40) for given 8 and a by setting
V¢Es = 0 andsolvingfor £, £*. We get:

&n(B) = Blog(1 +e %)/P) (41)
&:(B) = Blog(1 +e (=Hom)/8), (42)
As expectedéin% £n(B) = max(0,e —6y,) andéin%) & (B) =

max(0,¢ + d,) hold.

5.4 How to Optimize in Practice

Usually, in abarrieralgorithmonewould optimizeall n+2N

parameterdirectly (upto acertainprecision)or somes and
thendecrease? until the desiredprecisionis reached.But
thenwe would needto know all hypothesisn H in advance
in orderto optimizetheir weights(like in SVMs). Thus,we
considera Boosting-typealgorithmthat finds one new hy-

pothesishy, andits weighta;y, in eachiteration. Thenthere
is onlg oneparameteray, (8), to bedeterminedn eachiter-

ation:

In the describedsettingwe canfulfill the constraing|e||; <

C' only by stoppingthe algorithmwhenthe constraintis vi-

olated,becausehe weightsof the previousiterationsareal-

readyfixed. Oneway to keepgoingis to redefinea:

a; := v min(1, C'||v[l;) (43)

andto optimizein termsof 4. Thenthe constraints always
fulfilled andis active, if andonly if ||y||, > C'.1°

5.5 Convergence

The critical point in proving the corvergenceof the algo-
rithm is how the baselearnerselectsthe next hypothesis,
i.e. whichindex I; mustbe chosensuchthat Eg is reduced
reasonably- without knowing thewhole hypothesislassH

°To minimize (37) with respectio oz, for a given 8, onemay
emplg standardechniquedike Brent’s line searchmethodwhich
work quitefast.
Therearealsootherways, like introducinga scalingvariable,
to dealwith this problem.

Algorithm 1 Thee-Boostalgorithm

argument: Sanpl e X = {x1,... ,xnv},¥y = {v1,-.- ,yn}
Nunber of iterations T
Regul ari zati on constant ('
Tube size ¢>0

constants: Bsert € (0,1), p > 1.

returns: Linear conbination from H.
function e-Boost (X,y,T,C',¢)
Set ﬂ = ﬂstart
for n=1,...,N do
wy = exp((—yn —€)/B) — exp((yn — €)/B)
endfor
for t=1,...,T
ht = L(X, W)
Y = argmax Epg(v")
vt ,bER
Conpute a by (43)
Set 6, =y, — ZJ aghg(zn)
for n=1,...,N do
Wy, 1= e(én_fn —€)/B _ e(_‘sn —£,.-¢)/B
endfor
* if |ht(X)Tw| < B, do
g = pP
endif
endfor
return f=b+ Y7, ah
end
function  Eg(v)

Conpute a by (43)

Set (Sn = Yn — 2221 quhq(l'n)

Compute &,€* by (41) and (42)

Set ri=[dT+¢& +el,—dT+€& +e1,6",6 ]
return 3 [|€ — &1 + 82, exp(—7,/B)

end

in advance.Theideais asfollows: Thegradientof Eg with
respecto eacha; canbe computedas

- St

wherew,, = e(%n—4.—¢)/8 _ e(*‘S"* »—)/8_ ToreduceF;
iteratively (for somefixed ) onemaychoosehehypothesis
hr, suchthat

VaJEB (84 £ £

I = argmax |Vaj E5| . (44)
j=1,...,J

This corresponddo a coordinatedescentmethod, the so-
calledGauss-Southwethethod whichfinally corvergeg27]
to the globalsolutionof Ez —for somefixed 8. This choice
of I; ensuresthatthe L-normof V  Eg, andthereforeary
normof V4 Eg (if H isfinite), will corvergeto zerofor some
fixed 8, becaus®f the corvergencepropertief the Gauss-
Southwellmethod.

Theorem4. AssuméH is finite. Letthebaselearnerbe
L(X,w) := argmax |h(X) " w|. (45)
heM



Supposeave run g-Boost(seepseudocodeyvith C! > 0 as
regularization constantand e > 0 astubesize Thenfor
T — oo the outputof the algorithm cornvergesto a global
solutionof (36) usingl = I. andP[fa] = ||e|1-

Proof. Assumewe would fix § > 0, thenthe sequencef
o generatedh eachiterationt corvergesto theglobalmin-
imum of Eg exploiting the corvexity of Ez andthe corver-
gencepropertieof theGauss-Southwethethod. Thus,after
afinite numberof stepswe have

T2 VaEs(@)|l2 < B.

Moreover, let b1, bethehypothesigoundin thet-th iteration
by thebaseearnerL (X, w?). Then

T2 VaEs@)]l: < [[VaBs(e)lloo

= h(X)"w'
Thus,line x in Algorithm 1 ensureshatwe decreasé only
if |[VaEs(at)|la < BV J. Hencethealgorithmgenerates

sequencesf ot and (8, 8,/ J) fulfilling the conditionsin
Proposition2. This provesthetheorem. O

Let us analyze(45) as a particularway of finding the next

hypothesis:Assumel|h;(X)||» = constfor all hypothesis.
Then selectingthe hypothesiswhich minimizesthe mean
squarecerror (MSE)

N

1 2
h = argmin N Z(wn = h(xn))",

heH oy

will resultin the samehypothesisasin (44) and(45).

The definition of the baselearner(45) seemdo be very
restricting. The next corollary usesa wealer conditionon L
andis adirectimplicationof Theoremd:

Corollary 5. Assuméhe conditionsasin Theoem4 anda
baselearner L which for someweightingw alwaysreturns
a hypothesisi, sud thatfor someK < oo

max |h(X)Tw| < K|h(X) w]|. (46)

Supposeaverun e-Boost. Thenfor T' — oo the outputof the
algorithmcorvergesto a global solutionof (34).

Proof. Usingthesameargumentatiorasin theproofof The-
orem4, after a finite numberof stepst we have a gradient
with respecto asub-\ectora of a satisfying:

T2 VaEs(a))l2 < 8.

Moreover, let hy, be the hypothesisfound in the ¢-th iter-
ation by a baselearnerL(X, wt) fulfilling condition (46).
Supposgherewould exist a hypothesish; suchthat

|V, Eg(a)| > Kp.

Thenthe baselearneris enforcedto return h; before g is
decreasedThus,thecoordinatedescentterationswill focus
ondirectionswith largegradients Thusafterafinite number
of iterationsthe gradientis reducedfor suchhypothesisas
well, until

IVaEs(a)lloo < K| VaEs (')l

Hence,

T2 VaEs (@), IVaEs (')l

<
< Kh(X)Tw'.

Thus,line x in Algorithm 1 ensureshatwe decreasé only if
IVaEs(at)|ls < KB\ J. Hence the algorithmgenerates
sequencesf at and (8, K 8,/ J) fulfiling the conditions
in Proposition2. This provesthetheorem. O

NB: Oneis now looking for a hypothesiswvhich is not too
badcomparedo the besthypothesisn H. If K = oo, then
onewould allow thatthe baselearnemever returnssomeof
the needechypothesesThus, we could remove themfrom
H andwouldgetK < oo.

5.6 An Experiment on toy data

To illustrate (i) thatthe proposedegressionalgorithmcon-

vergesto the optimal (i.e. zeroerror) solutionand(ii) is ca-

pableof finding a goodfit to noisydatawe appliedit to atoy

examplewhoseresultsare shovn in Figurel. For simplic-

ity we usedradial basisfunctionkernelsasbasehypothesis,
i.e.H = {hp(x) = exp(=2||x = x,]|?) [n=1,... ,N}.

6 Conclusion

Barrier optimizationis a generalframework for minimizing
a constrainedbjective function. We have proposedo un-
derstandAdaBoostor Arc-GV asspecialiterative stratejies
for barrier optimization. This new view suggestghat we
canusethetool kit of optimizationtheoryfor barriermeth-
odsquite convenientin the context of Boostingandit allows
e.g.simplercornvergenceproofsand moregeneralBoosting
algorithmsfor classificationand regression. The proposed
new e-Boostalgorithm exemplifiesthis generalclaim, asit
definesavery naturalBoostingschemedor regression.

So far the strengthof our contribution is to be seenon the
theoreticaland conceptuakide. On the practicalside this
paperthasonly shovn toy examplesto give theproofof con-
cept. Large scalesimulationstudiesneedto follow. Future
theoreticalresearchwill be dedicatedo further exploiting
the link betweenbarrier methodsand Boosting,in orderto
obtainextensionsof Boostingalgorithmsthatareeventually
fasterbetter moregeneralindeasierto understand.
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A Extensions

A.1 Regressionusing a Bias

In somecasest might be usefulto have a biasterm. One
way to achieve this is usinga hypothesislassthatincludes
theconstanfunction. But then—dependingnthe definition
of the regularizer— the biasis penalizedtoo. Therefore,jt



Figure 1: Toy example: The left panelshawvs the fit of the sinc
functionwithout noise(trainingsamplesdots,fit: line) afteralarge
numberof iterationswithoutary regularization.It is almostperfect,
i.e. empirically the algorithmconvergesto the optimal solution of
the unregularizedlinear program. The right panelshaws afit of a
noisy sinc functionwith regularizationparameteC’ = 4.0 (train-
ing samplesdots,fit: solid, e-tube:dotted truefunction:dashed).

is worth investigatinghow to explicitely introduceit to e-
Boost.

In regressionwith biasb onehasto find somefunction
fa,b € aﬁ'(”):fa,b X =R

J
fap(®) = D ajhi(x)+b
=1

with acR/ ,xeX,beR,

Thus, we only needto change(32) and all referring equa-
tions. In particularoneneedgo changehe definitionof d,,:

J
On ' =Yn—b— Zajhj(xn)
j=1

However, the problemis how to find the minimizing b for
(40) in eachiteration.Oneway is to optimizeb separatelyn
eachiteration, e.g.afterfinding a;, (cf. Algorithm 1). An-
other approach likely to be more efficient in the number
of boostingiterations,would be to find b and«;, simulta-
neously Certainly optimizing two variablesinsteadof one
is much more computationallyexpensve thanfor one. But

standardmethodslike the Newton algorithm or Conjugate
Gradientalgorithmswork quite fastfor two variables.Note
thatfor both approache3heorem4 andCorrolary5 canbe
easilyextended.

A.2 Adaptivee-Boost

Oneproblemof thee-insensitve lossusedin -Boostis that
it hasa free parametee specifyingthe tubesize. Tuninge
needssomeknowledgeaboutthe problemat hand. In [42]
a way for automaticallytuning e for SVMs was proposed:
givena constanty € (0,1), the tube-sizeis automatically
chosensuchthat approximatelya fraction of v patternslie
outsidethee-tube.

This ideawas extendedin [45] for SVM regressionus-
ing linear programming.lt turnsoutto be a straightforvard
extensionof (36):.

min ve+ 43N &, +€5,e>0

with  &,€ e RY,a e R’
yn_fa,b(xn)se"'gn; n=1,...,N (47)
—Yn + fap(xn) <e+&:, n=1,... ,N
lefl < C'

Hencethe differencebetween(36) and (47) lies in the
factthate hasbecomeapositively constrainedariableof the
optimizationproblemitself. The v propertyfor (47), stated
below (see[45, 37]) canbe shown straightforward.

Proposition 6 ([45]). Assume > 0. Supposeverun (47).
Thefollowing statement$old:

(i) visanupperboundonthefractionoferrors(i.e. points
outsidethee-tube).

(ii) v is alower boundon the fraction of pointsnot inside
(i.e. outsideor ontheedge of) thee tube
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